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1 Introduction 



This is the second paper on the solution of a global characteristic problem for 
the Einstein vacuum equations with small data. In the first one, hereafter 
denoted with (I), we examined the way of posing the initial data on the initial 
null hypersurfaces, their constraints and their connection with the initial data 
given in the harmonic background. Here we show how we can prove an existence 
result using a strategy which mimics the one used to prove the global stability 
of the Minkowski spacetime, |Ch-Klj . |K1-Nij . 

2 The global existence theorem, strategy of the 
proof. 

In this section we state the global existence theorem and describe the main steps 
of its proof. The following sections are devoted to their implementations. 

2.1 Statement of the characteristic global existence theo- 
rem. 

Theorem 2.1 (characteristic global existence theorem) Let the initial hy- 
persurface be the union of two null truncated cones Cq UC , see figure 1, let the 
initial data 1 

be assigned together with their partial tangential derivatives to a fixed order spec- 
ified by the integer q > 7. Let us assume they satisfy the smallness conditions: 

+ [7.6.H,Ca,S,57] <e , (2.2) 

where and J^ 1 are defined in (I), (I;3.17), (I;3. 18) . Assume, moreover, that 
the initial data are such that on So = Cq HCq, the following estimates for the 
Riemann null components hold. 2 

F P\p,So < ce , \r [p - p, cr)| P)(So < ce 

\r 3 ~ lp p\p,s < ce , kS 2+AKf /3| PiSo < ce , (2.3) 

where r§ = (47r)~ 1 |S'o|. Then there exists a unique vacuum Einstein spacetime, 
(-M,g), solving the characteristic initial value problem with initial data \2.l\ M. 

1 The null "cones" and the various quantities which describe the initial data have been 
defined in(I), section 1.3. 

2 In (I) it is shown that this condition follows immediately once some bounds for 7, Xi Xi C 
on So are satisfied, see (I), Proposition 2.11 equations (2.91). 
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is the maximal future Cauchy development of C{X\) UC(i/o), 3 

M = lim M(v 1 )= lim J + (S(Xi, vq)) D J*"(5(A 0> ^i)) • (2.4) 

^1 — >oo 1^1 — >oo 

Moreover M. is endowed with the following structures: 

a) M. is foliated by a "double null canonical foliation" {C(X)}, {C[v)}, 
with X G [Ai,Ao] ,v G [fo,oo). 4 Double canonical foliation means that the null 
hyper surf aces C(A) are the level hypersurfaces of a function u(p) solution of the 
eikonal equation 

g^d^wduW = , 

with initial data a specific function u*(p) defining the foliation of the ''final" 
incoming cone, 5 while the the null hypersurfaces C_{y) are the level hypersurfaces 
of a function u(p) solution of the eikonal equation with initial data a specific 
function Ur \(p) defining the foliation of the initial outgoing cone C(Ai). 6 The 
family of two dimensional surfaces {S(X, v)}, where S(X,v) = C(A) nC_(v), 
defines a two dimensional foliation of M.. 

b) t(C ) = C(X 1 ) , i{O ) = C(u ) ) i(S (vo)) = i(Mo(X 1 )) = C(X 1 )nC(u ) . 

c) On C(Ai) with respect to the initial data foliation, we have 

**(Y) = 7, »*(n') = n , i*-\x') = x 

i*( X ')=X, i*(u')=ZJ, i*(0 = C (2-5) 

together with their tangential derivatives up to q. 

d) On C_(fo) with respect to the initial data foliation, we have 

r( 7 = 7, i*(n / )=a i*- 1 (x')=X 

i^W=J , <V) - S - i*(C) = C (2.6) 

3 Sometimes to avoid any confusion we write explicitely C(Ai; [;/o, oo)) U C(^o; [Ai , Ao]). 
A^(i^i) is the maximal Cauchy development of C(Ai ; [vq, v{\) UC(i/o;[Ai,Ao]). C(-^l) an d 
C(^o), the images in JV[ of Co and C respectively, are explicitely defined in b). 

4 recall that with "double canonical foliation" we refer to a foliation of the spacetime [M, g), 
while with "canonical foliation" we denote a specific foliation of the initial data on Co- Of 
course the first one is related to the second. 

5 The function u„ (p) is the limit as i>i -t oo of a function u t (vi;p) defined on C(y\ \ [Ai, Ao]). 
A detailed discussion of this limit is in |K1-Ni| . Chapter 8. 

6 We require that u^(p) defines on C(Ai) a canonical foliation. In the characteristic case 
this is not really needed. This is due to the fact that, as we will discuss later on, the regularity 
of the initial data is higher than that of the same quantities in M. We can, nevertheless, 
require it and, in this case, it is important to remark that the "canonical" foliation of C{\\) is 
not the one given when the initial data are specified, see (I). It can be proved that, given the 
initial data foliation of C(Ai), it is possible to build on C(Ai) a "canonical" one. Its precise 
definition and the way for doing it is discussed in IKl-Nil , Chapter 3 and with more details in 

ED- 

7 Observe that while M is globally foliated by a double null canonical foliation, it is not 
possible to foliate it with a double foliation solution of the eikonal equation with as initial 
data the H-foliation of Co and C_ . This is, nevertheless possible in a small neighbourhood of 
Co and C . 
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where 7', f2', X', x' iX' 1 w '> ^di C are ^ e fiefric components and the connection 
coefficients in a neighbourhood of C{\\) andC_(vo). s 

e) The costraint equations (I;1.55),(I;1.56) are the pull back of (some of) the 
structure equations of M restricted to C(Ai) and C_(vo). 9 

f) Let the double null canonical foliation and the associated two dimensional 
one, {S(X,i>)} be given. We can define on the whole Ai a null orthonormal 
frame {e 4 , e 3 , e a } adapted to it, the metric components, 7 t>,f2,X a with respect 
to the adapted coordinates {u,u,9,tfi} 10 and the corresponding connection coef- 
ficients 

Xab = g(D ea e 4 ,e 6 ) , x ab = g(De a e 3 ,e f) ) 
w = ^g(D e3 e 3 ,e 4 ) = -^D 3 (logfi) 

oj = ig(D e4 e4,e 3 ) = -iD 4 (logr!) (2.7) 

Ca = ig(D ea e 4 ,e 3 ) . 

Moreover X a is a vector field defined in M. such that denoting N and N_ two 
null vector fields equivariant with respects to the S(X, v) surfaces, the following 
relations hold: N = fie 4 , N_ = Sle 3 and in the {u,u, 0, </>} coordinates 

N = 2Q 2 ^- , N = 2tf(^- + X« 1 ^\ . 
ou \ ou ouo a J 

g) The null geodesies of M. along the outgoing and incoming null direction 
e 4 , e 3 are defined for all v G [vq, 00) and all A G [A 4 , Ao] respectively. Finally the 
existence result is uniform in Ai(< 0). 11 

2.2 The general structure of the proof. 

The proof is made by two different parts whose structure is, basically, the same. 



First part: We prove the existence of the spacetime 
M! = J + (5(A 1; u )) n J-(S(X , vi)) , 
where, see figure 2, 12 2po = vq — Ai = v\ — Ao . 

8 These quantities denoted here 7',^', were denoted in (I) 1,^,0., X, X_, XiXi^i^C- 

In the sequel these notations will be referred to the corresponding quantities relative to the 
double canonical foliation of M and their restrictions to Co UCj. 

9 With respect to the foliations of the initial data. 

10 The precise way the coordinate and <f> are defined will be discussed elsewhere. See also 
Kl-Ni , paragraph 3.1.6. 

llr This means that the quantities 12. 21 depending on the initial data, which we require to be 
small are independent from Xi. 

12 A11 the null hypersurfaces are represented as if the spacetime M were flat. 
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Second part: We prove the existence of the spacetime A4 D M! , 



M= lim J+(5(A 1 ,^ ))n J-(S(A ^i)) , 

V\ — >oo 

see figure 3. 

Remark: It is appropriate at this point to present an intuitive picture of 
the spacetime we are building. As our result is a small data result we expect 
that our spacetime stays near to (a portion of) the Minkowski spacetime. This 
implies that the functions u(p) and u(p) do not differ much, written in spher- 
ical Minkowski coordinates, from t + r and t — r, respectively. Moreover the 
radius r(X, v) defined as (47r)~ 2 times the square root of the area of S*(A, v), see 
(I;2.13), will stay near the r spherical coordinate. The initial cones Co and C_ Q 
approximate two truncated minkowskian cones, one outgoing and one incoming, 
with their vertices on the origin vertical axis. The assumption that vq and |Ai 
are approximately equal to rp. just pictures the two dimensional surface So as 
lying (approximately) on the hyperplane t = where t is "near" to \ {u + it). 13 

Proof of the first part: We denote (/C(r),g) a solution of the "character- 
istic Cauchy problem" with the following properties: 

i) (/C(r),g) is foliated by a double null canonical foliation {C(A)}, {C_{v)} 
with A G [Ai, A] , v G [^ch* 7 ]- Moreover 

i(C )nK(r)=C(A i; [ % F]) ; l '(C ) n fC(r) = C(v ; [Ai, A]) 

where 14 

77+A = 2r ; v - A = 2p . (2.8) 

ii) Denoted {e3,e4,e a } the null orthonormal frame adapted to the double 
null canonical foliation. We introduce a family of norms 1Z, O for the null 
components of the Riemann curvature tensor and for the connection coefficients 
respectively, as done in |K1-Nij . Chapter 3. 

iii) Given eo > sufficiently small, but larger than e, the norms TZ, O satisfy 
the following inequalities 

Tl < e , O<e . (2.9) 

iv) Denoted by T the set of all values r for which the spacetime IC(t) does 
exist, we define t» as the sup over all the values of r G T, see figure 4: 

t*=su P {tgT}. (2.10) 



13 Although the picture defined here is the more natural, with a redefinition of the functions 
u, u, r in terms of the standard coordinates one could also treat in a similar way the case where 
the two "initial" cones Co and C Q are shifted one respect to the other and their vertices do 
not lie even approximatley on the same vertical axis. 

14 As the spacetime we obtain is "near" to a portion of the Minkowski spacetime, condition 
l^.8l can be visualized as the requirement that S(X, v) coincides with a vertical (time) translation 
of S . 
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There are, now, two possibilities: 



t*=A + /9o or r*<Ao+po ■ ( 2 -ll) 

If r* = A + po then 

/C(r*) = J+(S(\x,vo))n J-(S(X ,^)) (2.12) 

and the first part is proved. If, viceversa, < \q + po, we show that in /C(t*) 
the norms 1Z and O satisfy the following estimates 

K< ie ; 0<^e o . (2.13) 

v) Using the inequalities 12 . 131 restricted to C(i/*) it is possible to prove that 
we can extend the spacetime /C(r») to a spacetime /C(r* + S). This contradicts 
the fact that r* is the supremum defined in 12. 101 unless t* = Ao + po- In fact 
in this case /C(r„) describes the maximal region IC(t) which can be determined 
from the initial conditions assigned on C_(vq] [Ai, Ao]) U C(Ai; [h,^]) even if 
R < |eo; O < |e . 

vi) Due to the fact, which will be evident in the course of the proof, that the 
estimates for 1Z and O do not depend on the magnitude of the interval [Ai, Ao], 
also the proof of the first part can be considered a global existence result. In 
other words fixed Ao, we can choose po = \{vq — Ai) arbitrarily large which 
implies that also t* = A + po can be chosen arbitrarily large. 

In conclusion the result of the first part is achieved if we prove that: 

i) The set T is not empty. 

ii) In /C(t») the norms 1Z and O satisfy the following estimates 

11 < l -e ■ O< l -e . (2.14) 

iii) If t* < Ao + po w e can extend /C(r*) to /C(r* + 5) with 5 > . 

Steps i), ii) and iii) are the technical parts of the result. Their detailed proofs 
are in the subsequent sections. 

Proof of the second part: It is, basically, a corollary of the proof of the first 
part. We consider in this case the spacetimes M(p) solutions of the "character- 
istic Cauchy problem" (or the "characteristic canonical Cauchy problem" ) with 
the following properties: 

i) {M(v),g) is foliated by a double null canonical foliation {C(A)}, {C(v)} 
with A e [Ai, A ] , v e [z^o,! 7 ]- Moreover 

i(C ) n M{V) = C(X; [v ,v]) ■ »(Co) n M(V) = C{v - [Ai, A ]) 

ii) let {e3, e4, e a } be the null orthonormal frame adapted to the double null 
canonical foliation, defined as in |K1-Ni| . Chapter 3. We introduce a family of 
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norms TZ, O for the connection coefficients and for the null components of the 
Riemann curvature tensor respectively, as done in |K1-Ni| . Chapter 3. 

iii) Given eo > sufficiently small, but larger than e, the norms TZ, O satisfy 
the following inequalities 

TZ < eo , O < e ■ (2.15) 

iv) Let M be the set of all values v for which the spacetime A4(v) does exist. 
We define v % as the sup over all the values of V 6 M , see figure 5: 

!/* = sup{77 e TV} . (2.16) 

Again there are two possibilities: if = oo the result is achieved, therefore we 
are left to show that the second possibility, v* < oo, leads to a contradiction. 
For it we show first that in M(v*) the norms TZ and O satisfy the following 
estimates 

Tl < l -e ■ O< l -e . (2.17) 

v) Using inequalities 12 . 171 restricted to Qjy*; [Ai, Ao]), it is possible to prove 
that we can extend the spacetime Ai(is*) to a spacetime A4(i>*+S), a fact which 
contradicts the definition of unless = oo . 

Remark: Observe that in the second part of the proof we do not have to show 
that the set M is not empty as, due to the first part of the proof, Af contains, 
at least, the element V = Xq + 2po . 

2.3 A broad sketch of the technical parts of the proof. 
First part: 

i) To prove that the set T is not empty we have to show that a spacetime 
fC(r) exists, possibly with small r. This requires a local existence theorem and 
we can borrow it from the results of A.Rendall, |Ren| or of H.Muller Zum Hagen, 
H.Muller Zum Hagen and H.J.Seifert, [CTuj . jMu-Sej . The main difficulty in 
adapting these results to the present case is that they are proved using harmonic 
coordinates while the "gauge" we use for /C(r) is the one associated to the double 
null canonical foliation. This requires a precise connection between the initial 
data written in the two different gauges in such a way that we can reexpress 
their results in our formalism. This will be discussed in a next section. 

ii) Once we have proved that T is not empty we can define /C(t„) and prove 
that in this spacetime inequalities 12 . 1 3l 

TZ < ie ; O < ie , 

hold. This requires, see |K1-Ni| . Chapter 3 for a detailed discussion, that the 
double null foliation of /C(t*) be canonical which, at its turn, requires to prove 
the existence of specific foliations, denoted again "canonical", on C(Ai) and on 
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C_(v*). These "canonical" foliations will play the role of the "initial data" for 
the solutions of the eikonal equations 

g^d^wduw = 

whose level hypersurfaces define the double null canonical foliation {C(A)}, 
{C{y)} of £(t,), see also jNiT]. 15 

iii) The central part of the proof consists in showing that we can extend 
/C(r„) to /C(t* + 5) with 6 > 0, see figure 6. 

To achieve it we have to implement the following steps: 

1) First of all we have to prove an existence theorem for the strips Ai/C , A 2 /C, 

Ai/C = J + (S(\i,v*) n J-{S(\(v*), v., + 6)) (2.18) 

A 2 /C = J+(S(A>*), vq) n J-(S(\(v* + S), 1/.)) , 

where, see l2~TTl 16 

A» = -2p + v ■ (2.19) 

and whose boundaries are: 

<9Ai/C = C(Ai;[i/„i/. + (J])UC;(i/»+(5;[Ai,A(i/»)]) (2.20) 
U C(A>*); + 5])UC(v*; [A x , A>*)D 

<9A 2 /C = C(^ ;[A(^),A(^+(5)])UC(A(^+ ( 5);K,^]) (2.21) 
UC(y,; [A>*), A>* + J)]) U C(A>*); [i/ , ^]) , 

2) We are then left with proving the (local) existence of a diamond shaped 
region, 

/^K = J+(S(\(v.),u.)nJ-(S(\(u, + S),u.+S)) , (2.22) 
specified by the initial data 

C(%);[i/»,i/,+i])UC(^;[%),A(i/,+<5)]) . (2.23) 

3) Finally on the portion of the boundary of 

£(t* + 5) = £(t*) U Ai/C U A 2 /C U A 3 /C , 

15 The existence of this foliation has to be proved also for the (local) spacetime of i). The 
proof one gives for AC(t,) can be easily adapted to this case. The canonical foliation is crucial 
to obtain on C_(u t ) all the connection coefficients, to be used again as initial data for the 
backward transport equations, without any loss of derivatives. 

16 From lTTTl and lS"T51 it follows that A - A(i/«) > 0. 
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made by CJy* + 5; [Ai, A(^» + 5))]) 17 a new canonical foliation has to be con- 
structed which stays "near" to the (non canonical) foliation obtained extending 
the double null canonical foliation of /C(t») up to C_(v* +5; [Ai, A(V* +<!>))]) which 
will be considered, in this case, as the background foliation. 
This completes the description of all the steps needed to prove our result. The 
detailed proof will be given in the following sections. 

Second part: 

In this (.'MSG , MS already said, we know that the set J\f is not empty. To prove 
that = oo we have to show that, if were finite, the spacetime A4(v#) could 
be extended to a spacetime M.(v* + S) with the same properties. To prove it 
we need an existence theorem for the strip, see figure 5, 

AM = J + (5(Ai,^))n J-(S(\ ,v*+S)) . 

As in the case of Ai/C and A2/C, this existence theorem is a non local result as 
the "length" of the strip does not have to be small in the direction. Therefore 
also in this case the proof requires a bootstrap mechanism. 
Finally, as at the end of the proof of the first part, we have to show that 
Ai(v* + 5) can be endowed with a double canonical foliation whose existence 
can be proved once we prove the existence of a canonical foliation on the "last 
slice", C(v, + 5; [Ai, A ]), see |KhNi) Chapter 3 and |NTT| . 

Remark: One has to keep in mind that moving from /C(r*) to /C(r* + 5) the 
double null canonical foliation of /C(t» +5) is different from to the one associated 
to /C(t*). The difference is in the outgoing cones {C(A)}. In fact the ingoing 
cones {C_{vy} of /C(r* +6) are just the extension (in A) of those already present in 
/C(t»), as they are the level surfaces of the function u(p) solution of the eikonal 
equation with initial data on C(Ai) (associated to its canonical foliation). The 
situation is different for the outgoing cones {C(A)}. They are also the level 
hypersurfaces of a solution u(p) of the eikonal equation, but this time the initial 
data are associated to the canonical foliation of the upper boundary, (7(i/*) and 
respectively. Therefore the outgoing cones of the double null canonical 
foliation of /C(r* + 6) are not an extension of the corresponding ones of /C(r»). 
Nevertheless it can be proved easily that they differ from the previous ones by 
a quantity 18 which is small and does not depend on the length of the cones, see 
for instance |K1-Ni| Chapter 8. 

3 Technical parts of the existence proof 

As it will be clear in the course of the proof, the whole program to be completed 
requires a local existence proof for the characteristic problem; this is somewhat 
a separate step which can be done in many ways, therefore we state only the 
result we need and postpone the discussion of it to a subsequent section. 

17 The canonical foliation on C(Ai; [uo, v* + 8]) was already proved and it does not change. 

18 To be precise we have to define a quantity describing the nearness of the two families of 
cones, for instance one can define it as the sup of the oscillation of the new function u(p) along 
the previous >S(A, v). 
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3.1 Local existence result 

In the proof of our result a bootstrap argument is used many times. Each time 
to implement it a local existence result is needed. We show that all these local 
results are of the same type. 

The first time a local existence is needed is when we prove that the set T is not 
empty. This requires that, possibly for small r, a (portion of) spacetime, /C(t) 
must exist, satisfying the properties i),...,vi) given at the beginning of subsection 
12.21 This follows from an existence proof for a characteristic Cauchy problem 
with initial data on the union of two null hypersurfaces, one corresponding 
to an "outgoing cone", C(Ai) and the other one to an incoming cone C_{vq), 
intersecting along the two dimensional surface So = S(Xi, vq). 
The region JC(t) must be, given r = |(z7+A), the maximal Cauchy development 
associated to the initial null hypersurface C- = C{X\;[vq,v\) U C(i/ ; [Ai, A]). 
Therefore the boundary of 1C(t) will be: 

OK{t) = C(A i; [u ,V])UC(u ; [A x , A]) UC(V; [A 1; A]) U C(X; [u ,V]) (3.1) 

with A, v satisfying v — X = 2po . 

In the local existence proof the initial data norms on C- must be sufficiently 
small, < e, so that the corresponding norms on C(F; [Ai, A]) U C(A; [t'o,* 7 ]) are 
bounded by ce with e such that ce < cq. 

Once this result is proved the set T is not empty and we can define )C(t*). 
Next step consists in showing that the region /C(r*) can be extended to a larger 
region IC(t*+5) endowed with the same properties. As discussed in the following 
subsections this requires proving the existence of the slab Ai/C U A 2 /C U A 3 IC. 
Let us consider first the portion Ai/C. As discussed in subsection 13.31 to prove 
its existence a bootstrap argument is required. Again this requires a local 
existence result with initial data on the null hypersurface C\ — C(X\\ [F,77+<5])U 
C_(V] [Ai, Ai —5]), whose norms are bounded by c\E. The same local existence 
proof is required for the region A 2 /C and finally, if 5 is sufficiently small, a local 
existence proof is enough to prove the existence of the region A3/C. 
The conclusion is that the various local existence results we need are always of 
the same type which can be summarized in the following theorem: 

Theorem 3.1 (Local existence result) Let the initial data 

{C m ;7 Qh ,fi,C a ,X af) ,w| U |c in ;7 a 6,n,rC 0) X<,6,w} (3.2) 

be assigned together with their partial tangential derivatives to a fixed order spec- 
ified by the integer q > 7. Let us assume they satisfy the smallness conditions: 

+ J { £ n [f«6,aC«,5c,5?] <£ , (3-3) 

where and are defined as and Jq in (I), (I;3.17) , (I;3.18). Then 
there exists a couple (Xfi n ,Vfin) satisfying 

Vfin — A/i rl = 2/5 , Vfi n + Xfi n = 2f , 



J, 



(</) 



c,„uc ir 



= J, 



(9) 
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with t = Ti n + C; with a a positive number, possibly small, such that a vac- 
uum Einstein spacetime, (/C(r),g) exists, the maximal future development of 
C(\i n ; [vin,Vfi n ]) UC(i/j„; [Aj„, A/; n ]), 

AC(r) = J+(S(A jn ,i/ in ))nJ-(S(A /in ,i/ /in )) . (3.4) 

C(Aj n ; [fmi^/m]) UC(%; [Ai„,A/, n ]) is i/ie image, relative to an immersion i, 
of a portion of the initial data null hypersurface C in = C in U C_ in and the couple 
(A m , v in ) satisfies: 

^in Aj n 2p , ^in ~t~ ^in ^Ti n . 

Moreover /C(r) can 6e endowed with the following structures: 

a) A "double null canonical foliation" {C(A; \v in , Vfi n ])}, {G_{v; [Am, A/j n ])}, 
wit/i A G [Ai n ,A/j„] , v G [vin,Vfi n ]. The family of two dimensional surfaces 
{S(X, v)}, where S(X,u) = C(X; [u in , Vf in \) n C(u; [X in , Xf in \), defines a two 
dimensional foliation ofJCir). 

b) On C(Xi n ; [vinjVfin]) with respect to the initial data foliation, we have 

»*(Y) =7 , i*(fi')=fi , i*- 1 (AT / )=X 
iV)=X><V) = w,i'(C') = C (3-5) 
together with their tangential derivatives up to q. 

c) On C_(i>i n ; [Aj n ,A/j„]) with respect to the initial data foliation, we have 

?{i) = l, i*(n , ) = n, u _1 (*')=Z 

i*(xO=X, <V)=S, i*(C)=C (3-6) 

w/iere 7', Q', X', a;', a/, £' are the metric components and the connection 

coefficients in a neighbourhood of C(Xi n ; \v in , vj in \) and C_(v in ; [Aj„, A/j n ]). 

TTie costraint equations (I;1.55),(I;1.56) are the pull back of (some of) the 
structure equations ofJC(r) restricted to C(A, n ; \v% n , f/m]) andC_{vi n ; [A, n , A/m]). 



is possible to define on /C(r) a orthonormal frame {e^, e%, e a } 
adapted to the "double null canonical foliation" , the metric components, j a b, £l,X a 
with respect to the adapted coordinates {u, u, 9, <fr} and the corresponding con- 
nection coefficients 

Xab = g(D eo e 4 ,e 6 ) , x ab = s(De a e 3 ,e h ) 
uj = -U> 3 (logQ) , u = ~T> 4 (lo g n) (3.7) 

Ca = ig(D ea e 4 ,e 3 ) . 

Moreover a vector field X a can be defined in /C(r) such that denoting N and 
N_ two null vector fields equivariant with respect to the S(X, v) surfaces, the 
following relations hold: N — Qe4, N_ = f2e3 and, in the {u,u, 8, <p} coordinates, 

N = 2 n 2 4- , K = 2n 2 ( A + x a ^- 

ou \ OU OLU a 
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Remarks: 

a) The structure of the local existence theorem which we will use repeatedly 
in the following, is the same as that of the first part of the "characteristic global 
existence theorem" , Theorem 12.11 The basic difference is that in Theorem 12.11 
the region /C(r*) is the maximal development of the initial data characteristic 
hypersurface C(Ai; [vq, v{\) U C_[yo\ [Ai, Ao]) and r* is not small. 

b) The subsets of the regions Ai/C, A 2 /C, A 3 /C whose existence is proved by 
the local existence result, correspond to different values of A m and namely 

19 

Al , Vin — V , Xfin = Xin — 8' , Vfin = Vin + 8 
Ao , Vi n = Vq , Xfin — Xin ~ 8" , Vfi n — Vin + 8" 
A(f*) , Vin = V* , Xfin = Xi n ~ 8 i Vfin = ^in + S ■ 

c) The initial data for the region Ai/C are given on the initial null hypersur- 
faces C(Ai; v* +8]) U CJv*; [Ai, Ao]) therefore a part of them are (a portion 
of) the initial data of the initial problem, those on C(z/*; [Ai, Ao]) are provided by 
the values that the various connection coefficients and their derivatives acquire 
on the upper boundary of the region /C(t*). Also these data are small as follows 
from the control of the O norms in this region, see subsection l3.2l Moreover as 
the initial data are expressed in terms of the connection coefficients, see (I), they 
automatically satisfy the constraints equations of the characteristic problem. 
Exactly the same argument holds for A2/C, while for A3/C the initial data for 
extending our result to this region are obtained after the construction of regions 
Ai/C and A2/C is completed. 

d) The proof of the local existence result will not be given in this paper 
as, basically, it already exists due to A.Rendall, |Ren| . D.Christodoulou and 
H.Muller Zum Hagen, |Ch-Mu| . jMuj . Nevertheless as their proof is given in the 
harmonic gauge we have to connect the initial data norms we use in this paper 
with those defined in the harmonic gauge. This connection has been discussed 
at length in section 4 of (I) and we recall some aspects of it in Section [3] There 
we also examine the local existence proof in |Ch-Muj , |Mu| and give some hints 
for a different proof using a Cauchy-Kowalevski type argument, |Ni2| . 

3.2 Better norm estimates in /C(t*) 

This is the first step required to prove our result. This is also the more difficult 
one, but in the present case is a repetition of part of the proof given in |K1-Ni| . 
Chapters 4-5-6. The main difference is in the nature of the initial data given 
here on two null hypersurfaces. Nevertheless even when the data are assigned, 
proving the result presents some differences and some simplifications. 

a) Due to the nature of the initial hypersurfaces, a problem present in |K1-Nij 
is not present. There, in fact, once a double null canonical foliation was ob- 
tained, it was possible to define a global time function, t(p) = h(u(p) + u(p)) 

19 The final value <5 will be the smallest between 8' ,8" ,8"' . 
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and prove that the two dimensional surfaces S(\,v) — C(A) (~l Q_{u) were em- 
bedded in the spacelike hypersurfaces, £j, level surfaces of the time function. 
The problem was that these spacelike hypersurfaces were not maximal and, as 
t — ► 0, they did not coincide with the (spacelike) initial data hypersurface. This 
required a delicate control of a small slab near So to show how the initial data 
could be transported along the outgoing and incoming cones, See |K1-Ni| section 
4.1.3 . In the present case this problem is completely avoided as the two initial 
data null hypersurfaces belong to the double null canonical foliation. 

b) The second difference, but not a simplification, is that, as discussed in (I, 
subsubsection 3.1.3), a greater regularity for the initial data along the directions 
"^-tangential" 20 to the initial null hypersurfaces, is needed to have a sufficient 
control of the initial data derivatives in the direction "orthogonal" to them. 
This higher regularity is needed only for the initial data and, contrarily to what 
said in (I), a control of higher derivatives in the region /C(^*) is not needed. 
This discussion can be summarized in the following theorem: 

Theorem 3.2 Let (/C(r),g) be a solution of the "characteristic Cauchy prob- 
lem" relative to initial data 21 satisfying Jq^q < £ and inequalities 12.31 with 
the following properties: 

i) (/C(r),g) is foliated by a double null canonical foliation {C(X}}, {Q_{v)} 
with A G [Ai, A] , v £[vq,V\. Moreover 

i(C )nK(T)=C(X 1 ;[u ,V]) ; i(C ) n /C(r) = C{v ; [A x , A]) 
where v + A = 2t ; v — A = 2/9rj . 

ii) Let {e3,e4,e a } be a null orthonormal frame adapted to the double null 
canonical foliation. Let 1Z, O be the family of norms for the null components 
of the Riemann curvature tensor and for the connection coefficients relative to 
this null frame, given in 'Kl-NiJ, Chapter 3. Given eo > sufficiently small, 
but larger than e, assume that the norms 1Z, O satisfy the following inequalities 

TZ<e , O < e ■ (3.8) 

iii) Denoted by T the set of all values r for which the spacetime /C(t) does 
exist, we define r* as the sup over all the values of r G T : 

r* = sup{r e T} . (3.9) 

Under all these assumptions it follows that in K,(t) these norms satisfy the 
bounds 



TZ<ce , O < ce , (3.10) 
an improvement of \3.Sl if e is chosen sufficiently small. 

20 The directions tangential to the two dimensional surfaces ^(Ai,^) and 5(A, vq). 
21 More precisely the portion of initial data on C(Ai; [uq.u]) U C(uq; [Ai, A]). 
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Proof: The theorem is a repetition of a set of theorems proved in |K1-Ni| , more 
specifically Theorems Ml, M2, M3, M4, M5, M7, M8. The main difference is 
that the norms O and 1Z relative to the initial data, contains more ^-derivatives 
than those required in |K1-Nij . We specify the chosen order of derivatives for 
the initial data norms in Section 13.41 

3.3 Existence proof for the strips Ai/C, A 2 /C and the dia- 
mond A 3 /C 

3.3.1 Ai/C , A 2 /C 

The first observation is that proving the existence of the strip Ai/C amounts to 
prove again a "global" existence result. In fact this strip, although very narrow 
in the outgoing future direction (<5 can be chosen as small as we like), has a 
length, measured with the affine parameter A, which can be arbitrarily large. 
Recall that the "length" of Ai/C, |A(^«) — Ai|, depends linearily on 2/*, see 
equation 12. 191 and that can be arbitrary large depending on the choice of po, 
see equation 12 .81 

This is a somewhat delicate point. First of all we observe that the existence 
proof for the strip Ai/C is significantly different from the analogous step in 
the non characteristic result of Ch-Kl . In fact in that case the spacetime is 
foliated by spacelike hypersurfaces {£*} and going from St, to £t«+a is a purely 
local existence result while in the present case the strip Ai/C extends toward the 
future (in time) for a possibly very large interval. This could seem, at first sight, 
a serious problem as to prove the existence of the maximal Cauchy development 
associated to the initial data, that is of the unbounded spacetime region with 
boundary C(X\) U CJvol [Ai, Ao]) U C(Ao), we need to prove preliminary the 
existence of the (arbitrary large) strip region Ai/C which looks as a region of 
the same type. 

The contradiction is only apparent due to the fact that the strip AiK, is ar- 
bitrarily narrow (of order 5) which allows to prove its existence in an easier 
way, while the width of our final region 22 is of order "|Ai — Ao|" which can be 
arbitrarily large. 

To prove the existence of AiK, we prove, first, via the local existence theorem, 
that at least a portion, A'° c /C, of Ai/C exists whose norms satisfy, see figure 7, 

O < e , TZ<e . (3.11) 

Second we define A* as the sup of all the values A £ [Ai, Ao] such that the portion 
Ai/C(A) of the strip Ai/C exists satisfving l3.11l We denote this region Ai/C(A*). 
Third, using the fact that on C(Ai, [v*, + S]) U C_{v^ [Ai, A*]), the lower part 
of the boundary of Ai/C, the data are bounded by ce, we show that in Ai/C(A*) 
the norms O and 1Z are bounded by Ce. This allows to extend, again via the 
local existence theorem, the region Ai/C(A*) in the direction and prove that, 

22 Either if we consider the first or the second part of our global result. 
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therefore, A* cannot be the sup for all the values A G [Ai,Ao]. To avoid a 
contradiction, therefore, the whole strip Ai/C = Ai/C(Ao) must exist. 
As we said this proof is an easier version of the general one, but the first step 
is analogous to the one discussed in subsection 13 . 21 for the general case, namely 
we prove that in Ai/C(A*) the following inequalities hold 

O < Ce , Tl < Ce . (3.12) 

This result is proven with the same strategy used in |K1-Nij : assuming first that 
O < 6q we prove that the generalized energy norms Q can be controlled by the 
same norms on the "initial" boundary of Ai/C^A*) and therefore bounded by 
Ce; from these estimates TZ < Ce follows. Using this result and the transport 
equations we show that O < Ce holds. 

To understand where the narrowness of Ai/C is used let us examine in more detail 
how the first part of this result is obtained namely the proof of the following 
lemma 

Lemma 3.1 Assume that Ai/C(A*) be foliated by a double null foliation made 
by null hyper surf aces which are the level hyper surf aces of two functions u(p) 
and u(p) solutions of the eikonal equation with initial data on C_{v*\ [Ai,A*]) 
and C(Ai; [i^*,^* + 5]) respectively, given by two functions u\ c ^^.^ lt \,])(p) and 
Uc(x 1 -[u, v^+S^ip) which define on these null hypersurfaces a canonical foliation 
as discussed in subsection 3.3.1 of |K1-Nij . see also |N11| . Then if in Ai/C(A*) 
the Riemann norms satisfy TZ < ce it follows that, 

0<Ce . 

Remark: To prove this result we have only to show that the region Ai/C(A*) 
can be large in the incoming direction, that is for values of A > Ai, while in the 
outgoing direction as the interval [z/*,^* + 5], can be chosen arbitrarily small, 
we do not need an extension in that direction. In fact 8 can be the variation 
in v obtained in the local existence. This implies that all the norm of the 
not underlined connection coefficients collected in (9, 23 can be estimated as in 
Chapter 4 of |K1-Ni| . but integrating, on the outgoing cones, toward the future 
direction. This fact, possible for the smallness of 5, makes the proof of the 
existence of Ai/C a different result than the global one we are looking for. In 
other words a bootstrap argument is required here only for the e% (A-direction) 
and not for the en (^-direction). 

Proof: To control the norms of the connection coefficients and their derivatives 
collected in O we have to examine their transport equations along the incoming 
and outgoing (portions of) cones contained in Ai/C(A*). Those associated to the 
underlined connection coefficients, along the incoming cones, are exactly of the 
same type as the corresponding ones in Chapter 4 of |K1-Ni| . Those associated 
to the ("small" portions of) outgoing cones allow to obtain the norms of the 
non underlined connection coefficients as an integral along the portions of the 

23 recall that in O there are also the norms of the underlined connection coefficients. 
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outgoing cones plus their initial value on C_{v*\ [Ai, A*]). These last estimates 
differ from the corresponding ones of Chapter 4 of |K1-Nij where the integrations 
are done, using the transport equations along the "outgoing cones", starting 
from above and going down backward in time. 

The choice of integrating along the outgoing "cones" from the above is necessary 
in the global existence proof of |K1-Nij to obtain the right decay factors, but in 
the present situation, due to the smallness od 5 we can, and have to, proceed 
in the opposite way. 

To clarify this point let us recall the logic for the estimates of the O and 1Z 
norms used in |K1-Ni| . This is basically the content of Chapter 4; the main 
assumption is that there exists a spacetime region where O and 1Z are bounded 
by eo- This assumption done, one proves that O and 1Z are in fact bounded by 
Ce where e indicates the smallness of initial data and can be chosen sufficiently 
small so that Ce< \e$. The estimates for 1Z are obtained once we control the Q 
norms in terms of the same norms on the "initial" boundary of Ai/C(A*) and the 
assumption O < eo- The estimates for O are obtained using the bound 1Z < Ce 
the transport equations and the estimates O < Ce on the C_[y*] [Ai, A*]) part of 
the Ai/C(A*) boundary. 

The main difference with the general case is in the estimate for Q. This 
is achieved through a volume integration on the whole region which allows to 
control the Q integrals on the "upper" boundaries in terms of those along the 
"lower" ones plus some volume integrals denoted "error terms". Estimating 
the "error terms", one can show that they are 0(e 2 ), using the previous as- 
sumptions on O and 1Z, therefore showing that the integral norms Q can be 
bounded in terms of the same norms made with the initial data and, therefore, 
by Ce. In the |K1-Ni| two conditions are required to prove these steps: the 
correct asymptotic decay and the correct regularity of the various connection 
coefficients. 24 As said before, in the present case, due to the fact that the Ai/C 
regions are "narrow" the decay is not important in the outgoing direction and 
we can integrate from below. This has also the (crucial) side effect that, as on 
the "lower" boundary of Ai/C a canonical foliation has already been established, 
the needed regularity of the various connection coefficients and Ricmann com- 
ponents is immediately obtained. 25 The discussion for A2/C is exactly the same 
with the obvious interchanges and we do not repeat it here. 

24 The second requirement arises from the fact that the the connection coefficients have to 
be controlled up to third order, for controlling the Riemann tensor up to second order; this 
implies that to achieve the result the estimate of the n-order derivatives of the connection 
coefficients must require only the control of the n — 1-order for the Riemann tensor. This is 
the reason why we need the so called "last canonical foliation" procedure, see the detailed 
dicussion in IKl-Nil . 

25 If this were not the case we should have to assume that on the "upper boundary" of Ai/C 
a canonical foliation is given, but this requires having on it already a background foliation 
with the appropriate estimates for TZ and O (< eo)- These estimates cannot be obtained 
if the region is not narrow due to the lack of the right regularities relations between the O 
coefficients and the 1Z components. A canonical foliation on the "last slice" could be assumed 
as in the general proof, but then one should again prove a bootstrap argument also in the v 
direction requiring again a semilocal extension and so on and so for. 



1G 



3.3.2 A 3 /C 



The existence proof for the region A 3 /C is simpler as it is strictly a local exis- 
tence proof. In fact this region is the maximal development of the null surface 
C(A(i / *); [f*, f„ +<$]) UC(y,; [A(i/»), A(z/» +5)]) which can be made as small as we 
like just decreasing the parameter 5. Again on this surface one has to build a 
canonical foliation exactly following the strategy described in |K1-Ni| and |Nil| . 

3.4 The regularity of the initial data 

In this subsection we determine the minimum regularity of the initial data re- 
quired to achieve our existence proof. Here the situation is more complicated 
than in the non characteristic case, studied in |Ch-Kl| and |K1-Ni| . due to the 
presence of the "loss of derivatives" phenomenon discussed in (I) , see also |Muj 
for the local existence result, which implies that a greater regularity is needed. 
The basic fact to determine the due regularity for the initial data is that to prove 
the global existence result we have to control in the L 2 (C) norms, 26 in the bulk 
region, up to second derivatives of the Riemann tensor and third derivatives of 
the connection connections, in other words up to s — 4 derivatives of the metric 
components. 

Fixed s for the spacetime Sobolev norms, the local existence theorem or more 
precisely the costraints on the initial data for the characteristic local existence, 
see |Mu| , imply that the angular derivatives of the initial data metric compo- 
nents must be controlled up to order 2s — 1 . The same result we obtain here as 
we are going to discuss in some detail. 

In subsection 3.1.1 of (I) we showed how the C a regularities of the various 
connection coefficients and the null Riemann components are connected; to 
adapt it to the Sobolev case we proceed as follows: 
From (I) we have on Cn 

fi, 7 , X, w, JZ>4xeC«'(S) 

X, C, flogSl eC'-^S) (3.13) 

and from the regularity of the metric components and the connection coefficients 
we have immediately, see (I) for more details, 

aeC q '(S) , ^C« Ll (S) , (p,a) eC q '~ 2 (S) , §_eC q '~ 3 (S) . (3.14) 

As we will impose the needed regularity in terms of the Hp(S) norms, 27 con- 
ditions [j^nH U^Ol can be reexpressed in the following way, with p G [2,4], 

n, 7 , x, u, p4x e < +1 (S) 

26 Here C is a null incoming or outgoing cone of the double null canonical foliation. 
27 Recall that sup s \G\ < cr~ 2 ||G|| H i (s) , see IKl-Nil . Lemma 4.1.3. 
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X, C, yiogQeff*'(S) , x, utHy^S) (3.15) 
a e H«' +1 (S) , S3 e H${S) , ( P ,a) e H^ 1 (S) , §_ e Hy 2 (S) . 

To determine the minimum value of q' let us consider the connection coefficient 
X and observe that from the explicit expression of f3, 

§_ = -[ftrx - divx + C-X- Ctr%] , 

it follows that (3 = OCfx) + other terms. From the explicit expression of the 
norms 1Z, see the appendix, it follows that on the spacetime and, therefore, on 
Co the following norm has to be bounded and small: 

II^IU 2 (C ) = O(e ) which implies \Wxtyx\\v>(C ) = O(e ) . (3.16) 

Due to the loss of derivatives this implies, at its turn, that on Co we must have 
also 

\\tx\\Li(c o} = O(eo) . (3.17) 

As we impose the initial conditions in terms of the Hp(S) norms. l3\l7l is satisfied 
requiring 

\\f 5 x\\H°(s) = O(e ) which also implies \\x\\h^(S) = O(e ) , (3.18) 

where we always ignored the appropriate weig hts, r {a i\ of the norms. Con- 
dition |^^| compared with 13.1 51 gives q' — 1 = 5 and therefore 

n 7 7 , x, w, p iX e ff P 7 (5) 

A, (, ^logfie tf p 6 (S) , x, ^G^p 5 (^) (3.19) 
a e tf p 7 (S) , /3 S H%(S) , (p, a) e H^(S) , £ e ff p 4 (S) . 

In conclusion the minimum value of q in Jq^ uc , see 12.21 is q = 7. 
Remarks: 

a) Observe that the requirement q = 7 is connected, as we said, to the char- 
acteristic constraint equations which implies the so called "loss of derivatives" 
and also to the Bianchi equations. In fact let us consider the null Riemann 
component 

a = - \Pax + trxx - (D 4 log Q)x] ; 
From the explicit expression of 1Z it follows that we have to require that 

llp3 a IU 2 (C ) = O(e ) implying, proceeding as before, \\f 4 x\\L^(c ) = O(e ) . 

Again this is satisfied imposing 

W^xWh^s) = O(e ) which requires \\x\\h^(s) = O(e ) . (3.20) 
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To satisfy this bound it would be enough to choose q' = 3, implying q = 4 instead 
of q = 7. Nevertheless this would not be sufficient as the Bianchi equations in 
the outgoing direction imply that if a € H^{S) then (3 G Hp(S), while we know 
that we have to control ||/?||p(S). 

b) The function of the initial data J^?' uC which we impose to be small, is a 
function of the | • \ Pi s norms. Nevertheless the initial data smallness could also 
be prescribed in terms of the H S {C) norms. We could also in this case require 
s = 7 and this would imply less regularity for the initial data, but we will not 
discuss this aspect any further here. 



4 The existence proof for the last slice canonical 
foliation 

In this section we discuss in which part of the boundaries of the different regions 
a canonical foliation has to be imposed. This has been claimed many times and 
we make now these statements more precise. 

We do not give here the definition of a canonical foliation of a null hypersurface; 
the reader can find it, in any detail, in |K1-Nij . Chapter 4, and in |JNil| . Either 
we do not discuss why these foliations are needed, but we only recall that they 
allow to control the estimates of the n + 1 derivatives of the connection coeffi- 
cients in terms of the estimates for the n derivatives of the Riemann tensor, see 
Lemma [3. II and footnote 22. This is a crucial step for the implementation of 
the bootstrap argument, proving Theorem 13. 21 

That (part of) the boundaries of the various regions have to be canonically 
foliated is required in various occasions, more precisely: 

i) In the definition of /C(t) the portion C(Ai; [t'o,* 7 ]) UC(v; [Ai,A]) of the 
boundary has to be foliated with a canonical foliation. 

ii) The proof that the region /C(r*) can be extended to /C(t* + (5), requires 
that this extension has the same properties of K,(t). Recalling that 

K(t,+5) = /C(t,)uA,/CuA 2 /CuA3K (4.1) 

this implies that part of the boundary of AilC has to be canonically foliated. 
Observe that 

dAiJC = C(Ai;[i/,,i/,+i])UC(i/.;[A 1 ,A(i/»)])UC'(A(i/,);[i/,,i/, + d]) 

U£(i/„+<J;[Ai,X(i/„)]) , (4.2) 

therefore to make the spacetime /C(t* + 5) fulfilling all the requested conditions, 
the portion C(Ai; [v*,v*+8\)uQiy*+8) [Ai,A(v*)]) of <9Ai/C has to be canonically 
foliated. Remark that, nevertheless, to prove the existence of Ai/C it is enough 
to have a canonical foliation on C(\\ \ [z/*, i/» + S]). 2S The canonical foliation on 

28 As for the smallness of S in A i K, we can integrate toward the future in the outgoing 
direction, it is enough that a canonical foliation be present on C(i/*; [Ai, A(i/*)]). 
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C(V* + 5; [Ai, A(f*)]) has to be built after the region Ai/C has been obtained 
and it is only required to have the region /C(r* + 5) with the right properties, 
i),..., vi), of Section |21 

The situation is quite similar for the region A2/C; to prove its existence the only 
part of the boundary which has to be canonically foliated is C_(y*\ [A(V*), A(f*) + 
8]). In fact it is clear that on C(A(^*); [t'o,i / *]) the foliation induced from the 
incoming "cones" starting from the canonical foliation defined on C(Ai; [vq, is*]) 
is already canonical. 29 

Finally the existence proof of the region A3/C is only a local problem. Therefore 
it requires only that the lower part of its boundary has the right properties. For 
C{\{v„); [v m , v*+5]) this follows from the canonical foliation of C(Ai; [v*, f*+<5]) 
and for C(V*; [A(V*), A(V*) 4- 6]) from the requirement which has been satisfied 
in the construction of A2/C. Again, once A3/C has been obtained, a canonical 
foliation has to be imposed on Ciy* + 5; [A(f„), A(f„) + <5]). 30 
This completes the description of how the canonical foliation has to be placed 
on the various null hypersurfaces. The existence proof of these foliations is 
in |Nil| and looking at the various steps of the construction of the various 
regions involved and to the initial data conditions it is easy to realize that the 
assumptions required in this proof are always satisfied. 

Remark: As already said, imposing on the boundary a canonical foliation is 
done for being able to control, in the spacetime, the n + 1 derivatives of the 
connection coefficients in terms of the n derivatives of the Riemann tensor, 
avoiding any loss of derivatives in the spacetime. As, on the other side, the loss 
of derivatives on the initial hypersurfaces, due to their characteristic nature, is 
inavoidable and force us to require a greater regularity on Co U C than the one 
needed in the spacetime interior, it follows that, in principle, we could avoid the 
request of having a canonical foliation on Co . 



5 The local existence result 

In this section we give some hints about the local existence result we need to 
complete our global proof and which has been stated in Sectional Thcorcm l3.ll 
We do not present here the details of the proof, we describe only two different 
procedures to achieve the result. The reason is twofold, first there are in the 
literature various proofs basically fulfilling our goal, in particular we refer to 
those of A.Rendall, Ren , H.Muller Zum Hagen, |Muj and M.Dossa, |Do| : second 
in a subsequent paper one of the authors (F.N.) will present a new proof of the 
local existence result based on a Cauchy-Kowalevski type argument, |Ni2j . 

Assume we want to use the work of A.Rendall, Ren or the one of H.Muller 
Zum Hagen [Muj . The main difficulty in adapting these results to our case is 

29 A slight difference in the "semilocal" existence proof for this region is that in this case the 
assumptions for the regions A2K(u) require that the portion of its boundary, C_(y\ [\{y), \{y) + 
8]), has to be canonically foliated. 

30 Once AiK and A3K are obtained, the procedure will be to impose a canonical foliation 
on the whole C_(u, + 8; [Ai, A(f„) + 8]). 
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that they have been obtained using harmonic coordinates while we want that the 
"gauge" for /C(r) be the one associated to the double null canonical foliation, we 
called in (I) "fi-gauge" . This requires to state precisely the connection between 
the initial data written in these two different gauges so that we can reexpress 
their results in our formalism. 

5.0.1 The relation between the harmonic and the £7-foliation gauges. 

This has been discussed in great detail in (I), here we just recall the rational 
behind it. In (I) the initial data are given on two null hypersurfaces foliated 
by two dimensional surfaces S^-diffeomorphic. They are expressed in terms of 
connection coefficients which are tensors on the leaves of these foliations and of 
the metric defined on them. The way they have to be assigned, to satisfy the 
costraints, has been discussed in (I). On the other side as the local existence 
result has been proved in the harmonic gauge, we have to express our data in 
this gauge. This is the content of subsection 4.1 of (I). Once this has been done 
we are allowed to use the harmonic local existence result. 

Nevertheless the goal in not yet achieved as in the local result obtained, for 
instance in |Mu| . the region whose existence is proved is foliated by spacelike 
hypersurfaces defined as level hypersurfaces of a time function r(p) which, if 
the initial data are "small" , approximate the portion of i-constant hyperplanes 
intersecting the region inside the null initial hypersufaces. Therefore to obtain 
the local region we need to complete this result adding to this region the local 
region which is the maximal development of the "data" on the last r-leave of 
the previous local result. In this way a small "diamond" -shaped region is built 
and, finally, the proof that in this region the norms 1Z and O are bounded by 
eo goes as discussed before. 

The construction of the local solution envisaged now can be avoided just try- 
ing to get a local solution proceeding in a more straightforward way from the 
Einstein equations written in the "fi-gauge". The basic idea is to write those 
structure equations for the connection coefficients which are evolution equations 
along a null direction, for instance the incoming one, see equations (1.8), (1.10), 
(1.17), (1.18), (1-20) of (I), together with the equations defining them in terms 
of the derivatives of the metric tensor 7 a f,. The solutions of this set of equations 
satisfying also the set of equations associated to the structure equations along 
the outgoing direction are solutions of the vacuum Einstein equations. One 
could, therefore, obtain a real analytic solution applying the Cauchy-Kowalevski 
result to the characteristic case, see |Du) . and then look for a less regular (H*) 
solution as a limit of a sequence of real analytic solutions. Here, nevertheless, 
a problem arises: to build a sequence of solutions converging in an appropriate 
norm once the initial data converge to less regular data, we have to use energy- 
type norms and prove that they are bounded. Using these norms one can show 
the convergence of a sequence of analytic real solutions. The problem is asso- 
ciated to the fact that the Einstein equations written in the "17-gauge" are not 
of hyperbolic type and therefore we do not have obvious energy norms at our 
disposal like those used in the harmonic gauge. To overcome this difficulty we 
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mimic the strategy of |Ch-Kl| and |K1-Ni| where the energy-type norms used are 
those made with the Bel-Robinson tensor. We can solve, therefore, this set of 
equations, applying Cauchy-Kowalevski theorem and then look for a sequence 
of solutions converging in the appropriate "Bel- Robinson" -energy norms to the 
(local) solution we are looking for. 



6 Appendix 

6.1 The O and the 1Z norms 

Due to the fact that in the characteristic case the regularity required to the 
initial data is greater than the regularity achieved from the solution we write 
here the norms which arc used for the initial data. 



6.1.1 The initial data norms 

The initial data norms are regrouped in two sums, one, J^P [7 afc , f2, £ a , , 
appropriate for the outgoing cone and the second, Jq 7 ab , fi, £ a , > f° r 
the incoming one. Their explicit expressions were given in (I) and we repeat 
them here, correcting some misprints, 
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Co 
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1=0 1=0 1=0 

where p 6 [2,4], 5 > and q > 7. 

Observe that the first sum of norms is denoted by Jq ^ [7 a {,, ^, C a i Xj ^] where 
not all the quantities appearing in the explicit expression are expressed. In fact 
we do not write those ones which are obtained on Co just deriving along the 
outgoing direction, mainly \ an d w. The same holds for the second sum with 
the role of the various quantities interchanged. 

6.1.2 The spacetime solution norms 

These norms are the same as those used in |K1-Ni| . We refer therefore, to 
sections 3.5.2 and 3.5.3, pages 90-95 of this reference. 
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